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Abstract 

In this paper, we study the spin-3 topologically massive gravity (TMG), 
paying special attention to its properties at the chiral point. We propose 
an action describing the higher spin fields coupled to TMG. We discuss 
the traceless spin-3 fluctuations around the AdSs vacuum and find that 
there is an extra local massive mode, besides the left-moving and right- 
moving boundary massless modes. At the chiral point, such extra mode 
becomes massless and degenerates with the left-moving mode. We show 
that at the chiral point the only degrees of freedom in the theory are 
the boundary right-moving graviton and spin-3 field. We conjecture that 
spin-3 chiral gravity with generalized Brown-Henneaux boundary condi- 
tion is holographically dual to 2D chiral CFT with classical W3 algebra 
and central charge cr = 31 /G. 
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1 Introduction 



The constructions of higher spin field theory has a long history [T]. Though 
in fiat spacetime, a consistent interacting higher spin theory does not exist[5], 
it makes perfect sense in a spacetime background with a nonzero cosmological 
constant [3J H] . However when the dimension of the spacetime is higher than 
three, once we include one massless field with spin higher than two, we must 
include an infinite number of massless fields with various higher spins and also 
other compensator fields. This fact makes the higher spin field theory much 
more difficult to deal with. For nice reviews on higher spin field theory, see 

In three dimensional case, the situation is quite different. It was found that 
there is no need to consider an infinite number of higher spin fields in order to 
have a consistent interaction. In AdS^ case, not only the extra compensator 
fields vanish, the truncation to a field theory up to finite spin N is also possible. 
In terms of frame-like fields it was found long time ago that the higher spin 
field theory in AdSs could be rewritten as a Chern-Simons action [12l [13]. Very 
recently, it was realized in two remarkable papers [Mj [15] that the coupling of 
massless spin-3 field to the AdSs gravity could be described by a SL{3) x 5i(3) 
Chern-Simons theory with opposite levels. Moreover in this Chern-Simons for- 
mulation, the asymptotic symmetry algebra of higher spin field theories [TH [T3] 
was shown to be a classical ly-algebra with central charges being the same as 
the ones obtained by Brown and Henneaux jl6j in pure AdS^ gravity. This 
opened a new window to study the higher spin AdS^ gravity. The black hole 
solution with spin-3 hairs was constructed in [T7| [TH] . Partly based on [TH] , a 
large N duality for higher spin fields on AdSs was proposed [SU]. The bulk theory 
includes massless higher spin fields and two extra scalars, while the boundary 
CFT2 is a WZW coset model. This correspondence was checked in [21] [22] [23] 
and further developed in j^U [IS] . This duality can be thought as a kind of AdS^ 
version of the Klebanov-Polyakov correspondence [33] , in which case the higher 
spin field theories on AdS^ is conjectured to be dual to 0{N) vector models 
in the large TV limit. Nontrivial supports to this conjectural duality came from 
the computations of the three-point correlation functions [ST] [SS] [2^ . For an 
interesting derivation of higher spin gravity in AdS space from free bosonic field 
theory, see |3D] and [3T] . String theory realization of spin-3 field was considered 
in [32]. 

In the Chern-Simons formulation, it is clear that both Einstein gravity 
[551 [Mj and the higher spin field theories [HJ [13] in AdS^ have no propagating 
mode. This is because that the Chern-Simons theory is a purely topological 
theory with no local degree of freedom, no matter what the gauge groups and 
the levels are. In the pure gravity case, in order to induce local degree of free- 
dom, a gravitational Chern-Simons term with coefficient ^ had been included 
into the action. This gives us the so-called topologically massive gravity (TMG) 
theory [321 13S]- In TMG, there is one more local massive degree of freedom in 
AdS^ background. However, it was found that the TMG theory is not stable 
for generic ^. It is only well-defined at the point iil = 1, the so-called chiral 
point. At this point, the massive graviton becomes massless, degenerates with 
the left-moving massless boundary graviton, and is just a pure gauge. It was 
conjectured that after imposing self-consistent Brown-Henneaux boundary con- 
dition the chiral gravity is holographically dual to a boundary chiral CFT with 
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only right- moving degrees of freedom and central charge cr = SZ/GISTI |3H]- At 
the chiral point, the level of left moving Chern-Simons theory vanishes. Usu- 
ally, the TMG theory is quite different from Chern-Simons gravity. But at the 
chiral point, the disappearance of the massive modes leads us to conjecture 
that the chiral gravity and holomorphic Chern-Simons gravity with only one 
gauge group SL{2, R)r are equivalent in the following sense: when one impose 
the Brown- Henneaux boundary conditions for the fluctuations around the AdS^ 
vacuum, these two theories have the same physical degrees of freedom, and may 
even have the same dynamics. The holomorphic nature of partition function of 
chiral gravity supports this equivalence [38] (however see also [39]). 

In this paper, we would like to consider the higher spin field coupled to 
gravity in TMG theory. We will focus on the spin-3 case. We will see that there 
indeed is a massive traceless spin-3 mode at generic value of /i. The conformal 
weight of such mode is {fA -I- 2, /i^ — 1), which degenerates with the left-moving 
massless mode at the chiral point. The energies of left-moving massless mode 
and massive mode are vanishing at the chiral point, indicating that both of them 
are pure gauge. This fact suggests that the higher spin TMG theory becomes 
chiral at /iZ = 1, and is equivalent to a holomorphic Chern-Simons theory with 
one gauge group in the above sense. The asymptotic symmetries of such Chern- 
Simons theory is again just one copy of W3 algebra with the central charge 
being the one of chiral gravity, taken generalized Brown-Henneaux boundary 
conditions [TillTS] . 

In the next section, by deforming the Chern-Simons action with gauge group 
SL{3) X SL{3), we obtain the action for the TMG coupled to the spin-3 field. 
With this action at hand, we study several aspects of this theory. In section 
3, we show that the traceless part of the spin-3 fluctuations around the AdSs 
vacuum satisfy a third-order differential equation. We find that the equation 
could be decomposed into the product of three first-order differential equations, 
describing two massless and one massive modes. As the equation of all the 
modes could be changed into a second order differential equation, which could 
be rewritten in terms of SL{2, R) Casimir, we compute the conformal weight of 
the fluctuations and obtain the explicit solution of fluctuations with the highest 
conformal weight in section 4. We also discuss the logarithmic mode, besides the 
massless and massive modes. Such log modes could be truncated by imposing 
generalized Brown-Henneaux boundary conditions. In section 5, we calculate 
the energies of traceless spin-3 fluctuations and show that only at the chiral 
point, there are no modes with negative energy, and at this point, both massive 
mode and left moving mode have zero energy. We end with conclusions and 
some discussions in section 6. We conjecture that the chiral spin-3 gravity is 
holographically dual to a chiral 2D CFT with W3 symmetry, with the generalized 
Brown-Henneaux boundary conditions. 

2 Action and equations of motion 

In this section, we propose an action describing the spin-3 field coupled to 3D 
TMG theory with a negative cosmological constant. As we will work in the 
frame-like formulation, we give a brief review of first order formalism of TMG, 
and discuss the possible relation with a Chern-Simons theory. Next we show 
how to incorporate the spin-3 field in our formulation. 
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2.1 First order formulation of TMG 



In first order formalism, TMG witlr a negative cosmological constant A = — / ^ 
is described by the action 



Ra = duja + |eabc(^^ A o;'^ + ^ ^ ) 



where 

1 , . . . . e^Ae^ 
T" = de" + e'''"'ujb A e^, 

£cs = Uj" AduJa + ^eabci^" ^i^'' (2) 

The field /S" is just a Lagrangian multiplier, imposing the torsion free condition 
such that the above action is equivalent to the action in terms of Christoffel 
symbolic, H]. 

It would be illuminating to rewrite the above action in a form relating to 
Chern-Simons gravity with gauge group SL{2,R) x SL{2,R). In order to do 
so, we need to combine the frame-like fields and the spin connections into two 
gauge fields: 

^ = K + yep Jada:^ i = ^ - ye^) J„dx^ (3) 

Here I is the AdS radius and Ja's are the generators of SL{2,R). Then the 
action of TMG could be rewritten as 



where 



with 



Scs[A] Tr(A AdA+^AAAAA), (5) 



k-—, ^"-P"-^- (6) 



I ~ e" 
4G' ^ P 
Note that the solutions of usual AdSa gravity are automatically the solutions 
of TMG theory. Especially, the Einstein metric solution leads to /3° — 0. There- 
fore it seems that the TMG in AdSa background is equivalent to Chern-Simons 
theory [311 US]. However, one should notice that TMG has one local degree of 
freedom whereas CS theory has none. In this case, the fiuctuations around the 
AdSs background satisfy a third order differential equation, refiecting the fact 
that the gravitational Chern-Simons term includes higher derivative terms, and 
more importantly leads to a local massive mode. This suggests that the TMG 
theory is very different from the Chern-Simons gravity, which could be just a 
topological theory. The right way is just to keep the Lagrangian multiplier to 
impose the torsion free condition. 

Nevertheless the story could be different at the chiral point 37 . The con- 
formal weight of the massive graviton in AdSa is ^(3-1- f^l,—i + fJ-l), which 
becomes degenerate with the one of the left-moving massless graviton. Thus 
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there is no local degree of freedom anymore so that chiral gravity has the same 
degree of freedom as a holomorphic Chern-Simons gravity, after imposing the 
Brown- Henneaux bomidary condition to truncate the log modes. Moreover the 
central charge of asymptotic symmetry group become cl — 0,cb, — On the 
other hand, the asymptotic symmetry of Chern-Simons gravity suggests that 
the central charges are only related to the levels 

which reproduce precisely the central charges of chiral gravity. More impor- 
tantly, the partition function of chiral gravity is holomorphic. All these facts 
support that the chiral gravity is equivalent to a holomorphic Chern-Simons 
gravity in the sense we described in the introduction. 



2.2 Action of spin-3 TMG 

We may generalize the above construction to include the spin-3 field. First of 
all, we need to replace the gauge group SL{2, R) with SL{3, R). The 5'L(3, R) 
group has the generators Ja,Tab{a,b — 1,2,3) with Tat being symmetric and 
traceless. They satisfy the following commutation relations: 

[Ja, Jb] — ^abcJ^, [Ja,Tbc] = £'^a{b'^c)dt (8) 
[Tab, Ted] = <j{ria{c<^d)be + Tlb{c^d)ae) J" ■ (9) 

For the inner products of the generators, we have 

Tr( Ja Jb) = \vab, Tr{JaTbc) = 0, (10) 
Tr{TabTcd) = -^{Va{cVd)b - ^VabVcd)- (11) 

There is actually a free parameter a in the above algebraic relation. In this 
paper, we focus on the case a < 0. Up to an overall factor, the right handed 
side of the last equation can be determined by that it should be symmetric and 
traceless with respect to ab and cd, respectively. And the overall factor is fixed 
by that we have: 

TT{[Ja,Tbc]Tde) = TT{Ja[Tbc,Tde\). (12) 

As in [TS], we combine the vielbein-like fields and the connections of spin-2 
and spin-3 into two gauge potentials A, A 

A = {{u:l + \e1,)Ja + {ujf + \ef)Tab)dx^, (13) 

A = {{u:l-\e'l)Ja + {ujf--^ef)Tab)dxr (14) 

It was shown [TS] that the action 

S^Scs[A]-Scs[A (15) 
gives the correct theory for spin-3 field coupled to AdSa gravity. 
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To study the topologically massive gravity coupled with spin-3 fields, we 
now propose the following action; 



1 



1 



[^0^ ATa- 2a^"^ A Tab) ■ 
(16) 



Here the last two terms are introduced to impose the torsion free conditions. 
The torsions are still the same as the ones in ITSl: 



rpa 

rjiab 



(17) 
(18) 



obtained from the equations of motion there from the action eq. (ITSI) . Note that 
the torsion T°- for veilbein gets modified by the spin-3 field and the torsion T"'' 
is for spin-3 field. 

In terms of the frame-like field and connection, the action (jl6p could be 
written in a more familiar form: 



S 



1 



BttG 



(e" A diOa + ^Cabce" A w'' A + -^eabce" A A 6^= 



2^76"^ A duJab - "ifTeabce" A w"" A W'^rf - 2(76"" A ei^a\cdt^'' A W| 



afc 



I&) 



(w" A rfWa + -eafjcW" A w*" A w'' 



2aw'''' A diOab - 4CTea;,ew'^ A to'"' A w^^^ + Z?'^ A - 2a/3'^^ A Tab) , (19) 



where 



pab ^pab^_ 



(20) 



could be taken as an independent field. The first part of the action, proportional 
to I/SttG, is the same as the one of pure spin-3 AdSs gravity found in [T^. The 
two terms proportional to Ta, Tab are just to impose the torsion free conditions. 
The remaining parts are the spin-3 generalization of gravitational Chern-Simons 
term. 

The equations of motion from this action are: 
T" = 0, T"'' = 0, 



which are the torsion free conditions, and 



0" he"- 



4cr 



e"" A e' 



d hd 



e"" A (3'', 



Rab - ^ {df3ab + ecdial/S" A w'jfc) + ec<i(a|W^ A = 0, 



(21) 

(22) 
0, (23) 
(24) 



Rab + \ (ec<i(a|/3' A -f e,d(a|e'= A - ^e^aiaie" A e'^^^^ = 0, (25) 



where 



1 / 6 c e''Ae'^ 
Ra = dUa + -eabc[^^ A w H — 



) - 2aeabci^bd A ujf + ^^iA£^)(26) 



Rab 



duJa 



1 



6 + ecrf(a|W A w + — ecd(Q|e Aej^). 



(27) 
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The equations are different from the pure gravity case, with contributions 
from Z?",/?"'' terms. However, notice that when 

a ab 

= p , Z?"" = (28) 

the extra terms vanish due to the torsion free conditions. This suggests that 
the solutions of pure gravity coupled to spin-3 field theory proposed in [15] 
remain the solutions of above equations of motion. But it could be possible 
that there exist more solutions. Actually if we just consider the case with 
vanishing spin-3 fields, then the above equations allow the solutions besides the 
Einstein-type metric. Two classes of such solutions are the warped spacetimes 
and null spacetimes [iH H5] . In this paper, we just focus on the AdSa spacetime 
or its discrete quotient-BTZ black hole [46], 



3 Spin-3 fluctuations 

Now we consider the fiuctuations around a given fixed background with back- 
ground fields e", /S", e"'', /3"''. For simplicity, we only consider the back- 
grounds with e"'' = 0, then we have = /3°'' = 0. We still denote the 
fluctuations of the fields as e", • • • . To the leading order, we have the following 
equation of motions of the fluctuations: 

de" + e'^^^ujb A ee + e'^^'^Wfc A = 0, (29) 

dWa + CabciCo'' A W= + ^^4?^) - ^{dPa + Eabc^' A -f EabcP'' A LO^) = 0, (30) 



P ' 2/. 



duja + eabc{i^^ A w'' H — ) + -eah 



0, (31) 



where 



2 

^^ab _^ gcd(a| ^ gjb) ^ ^cd{a\-^ ^ ^ \b) ^ (32) 

Rab - ^ (dPab + ^cd{a\P' A C^'],) + e,d(,|W^ A Z?"],)) = 0, (33) 

Rab + ^ (ccdCal^" A e'^b) + ecd(a|e" A ^^jb)) - ^^cdiaie'' A e'jfc) = 0, (34) 

Rab = dujab + ecd(a|w'' A cj'jj,) + ^ecd(a\e'' A e'lj). (35) 



{a + -)hP + -eP''''V^{n + -)K, = 0, (36) 



To the leading order, the fluctuations of the spin-3 fields decouple from the 
gravitons. And the latter was studied in detail around the AdS^ background in 
[37) . Actually, one can show that in our formalism, the fluctuations of gravitons 
h^i, satisfy the following equation 

!)/.? + i.-v,(n + |, 

where the transverse and traceless gauge conditions V^/i^^ — and h^^ — 
have been chosen. It is exactly the same as the one in [37] . 

Next we focus on the fiuctuations of spin-3 fields. Let us define ^^^a = 
e^a&e"eA- From T"*" = 0, we obtain that: 
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Actually Eq. ([M)) can be rewritten as 

Rab + \ (ecd(a|l' A e'^ft) + e,d(a\e^ A /S^j^)) = 0, (37) 



from which we get 

2 
3 

where 



= ^V^'e^cQt + eAQ^'-' - Q'^"' - Q'n, (38) 



Q'^ab = ^''"HRab.X + Jecd(a|l[.e4 „)). (39) 

Now we are considering the background AdS^ or BTZ black hole, then we have 
P"" = 0. From the definition of R"'^ we find that in this case: 

r)pab-a-P _ ^pp.i^ nab -a-P 
^ '^a'=-b ~ *^ ^pv^a^b 



f 

3' 

_l_y("ly^<j)PA'l^*) _ y("lyP(j)^pl/3)^ ^ l_(^(^{a0)p _ gPC^I^^Pl/^)). 

As (f'''^ includes hooked {2, f } component, we can use the gauge transformation 
to get rid of them and then ^P^^'^ is totally symmetric. If we further impose the 
following condition to read the transverse traceless modes: 

= 0, V^^^.p = 0, (40) 

we get that 

Qpab-<^-l} ^ _ Ig^pa/S ^y^yP^P"/? _^ l^P"'^ ^ _]p^po.fS ^ (4^) 



This result and Eq. ([38j) lead to 



^pa/3 ^ in$P"^. (42) 



In such backgrounds, Eq. gives: 

1 

2^ 

which leads to 



Q""'' - ^e'""^Vp/3^"'^ = 0. (44) 

Using Eqs. (|41j|42p . we finally obtain 

□■J)""'^ + ^e'"^''V^n$^"'3 = 0. (45) 

Compared to the equation of the graviton fluctuation, the spin-3 fluctua- 
tions satisfy a third order differential equation as well. 
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4 Conformal weight of spin-3 fluctuations 

In AdSs or BTZ background, we can rewrite the spin-3 equation as 

□ (^""'^ + ^e^^'V,,*,"^) = 0, (46) 

where we have used the property Rpafiiy = —j^igp^gaiy — gpug<jp)- This third 
order differential equation could be decomposed into three first-order differential 
equations, each corresponding to different degrees of freedom. The massive 
degree of freedom satisfies a first order equation 

^p^iyy^(j)(^M) a0 ^ -2^$^*^^''"^. (47) 

Both the left mover and right mover are massless and satisfy respectively 

2 2 
gPM" y^(j)(^i) ^ (^{L)pal3 ^ e'^'^'^V p^[f^^ = -^'-^^P°'^ . (48) 

The three equations share the same structure, which could be denoted simply 
as 

ePt^'^y^^if) "/3 = TOA*^^^""^, (49) 

Where A can be M, L, R and ttia — — 2/i, ~ f, j correspondingly. One can derive 
the second order equation it satisfies as 

Mi^M^ = (™i - ^)'i>;,^^ (50) 

In the global coordinates the metric of AdS^ is: 

ds^ = P(- cosh^ pdT^ + sinh^ pdcj)^ + dp^). (51) 

It has the isometry group SL{2, R)l x SL(2, R)r. By defining u = t + (j),v = 
T — (j), the generators of SL{2, R)l can be written as: 



Vo = idu, (52) 
/ cosh 2p ^ _ 1 g ^ 
\sinh2p " sinh2p " 2 
/ cosh 2/9 ^ 1 g 

\sinh2p " sinh2p " 2 



^-1 = ^e'^"(-r^5"--r^5" + o9. , (53) 



^1 = ^e^"(-r^5«--r^5"-o5. , (54) 



satisfying 



[V,,V,] = {i-3)V,+,. (55) 

By exchanging u and v in the above equations, we can get the generators 
Vo,V^i,Vi of SL{2,R)r. 
Let us define 

= CvoCva — -j^i^Vi^v^i + Cv^iCvi), (56) 
and similarly for C? . Then we can rewrite Eq. (j50p as 
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or 

^2 



Considering the highest weight state with conformal weight (h'-^\h'-^'>) 



^v^'^ltl - ^vAti-^' (59) 

Cvo^iti - h'^H'tl CvA'-X-h^'H'X, (60) 

then we have 

£2$(^) (61) 

and similar equation for Comparing these two equations with Eq. (j57p 

and Ea. ((55|) . we find the conformal weights as 

^(^) ^ 1 ± {niAl - 3) ^ -(^) ^ 1 ± {uiaI + 3) ^ 

As the conformal weight should be positive, then the suitable choice of the 
conformal weights is 

^lil + 2, = - 1; (63) 

/iC-f-) = 3, U^'^ = 0; (64) 
h(R) ^ 0, h'^"^ = 3. (65) 

where we have assumed fil > 1. Note that for the chiral gravity at /z/ = 1, we 
have /i'*^^ = 3 and /i^^^^ = 0, which degenerates with the left-moving massless 
spin-3 fluctuations. 

Actually, we can work out the explicit solution for the spin-3 fluctuations of 
the highest conformal weight. From the Killing symmetry of the background, 
we may make ansatz 

<i>M-A - e-""'-*''"F^,A, (66) 

where all the components of i^^i/A could be characterized by one undetermined 
function ip 

Fttt — ±<P, F^tptf, = ^, Fppp = T . , ■} F^Tcf, — ^, (67) 

smh pcosh p 

i(p iip 



sinh p cosh p' ' sinh p cosh p ' 

sinh^ p cosh^ p ' ^^'^ sinh^ p cosh^ p ' ^'"^ sinh p cosh p ' 



The function ip satisfies: 

„ (h + h) sinh^ P - 3 cosh^ p ^ , ^, 

dpip+- ■ , \ -^^0, (70) 

smh p cosli p 

whose solution is: 

ifi = C(coshp) sinh^ p (71) 

with a constant C. 
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Besides the massless and massive modes, there is actuahy a logarithmic 
spin-3 mode at the chiral point, just Uke its spin-2 counterpart(3HI331llIl- This 
is feasible because the equation of fluctuations (HSl) is a third order differen- 
tial equation. The log mode can be constructed in a way similar to its spin-2 
counterpart [47] 

^{M) (L) 

We define a function A{t, p) as 

yl(T,/9) = -2(ir-l-lncoshp), (73) 

then the log mode can be written as 

$(t°/^=A(r,p)<l>W. (74) 

This new mode grows linearly in time, and grows logarithmically in the radial 
coordinate p. By using the fact that 

LvoA^ Cy^A = l; Cv,A = Ly^A = Q, (75) 

One can show that 

U^fZ'^ (X ^fX. (76) 

Hence the log mode satisfies the classical equations of motion Eq. pS)) . 

The existence of the log graviton mode in TMG brought much debates on 
the stability and the chiral nature of the theory. It turns out that one has 
to impose appropriate boundary conditions on the metric fiuctuations |38j . If 
one impose the generalized Brown- Henneaux boundary conditions [T31 [H] , such 
mode disappears and the only physical modes are right-moving boundary gravi- 
tons, then the theory is chiral. On the other hand, one may relax the boundary 
condition to allow the log mode, whose presence breaks the chiral nature of the 
theory. Nevertheless, such relaxed boundary condition is well-defined, leading 
to finite conserved charge. It was conjectured that the log gravity could be dual 
to a logarithmic CFT[571[33. In this paper, we will not discuss such log mode, 
and just focus on the generalized Brown-Henneaux boundary conditions. 



5 Energies of spin-3 fiuctuations 

As we show, for generic value of /xZ, there are three kinds of spin-3 fiuctuations, 
two of them being massless and the other one being massive. The fiuctuation 
could be written as 

<j) = (S^ + -t- C77'l 

where the subscript L represent the (3,0) primary and their descendants, R 
represent the (0,3) primary and their descendants, and M represents the (pi + 
2,jjl — 1) primary and their descendants. 

Up to a positive normalization constant C, the free action of the spin-3 
fiuctuations is of the form 
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The conjugate momentum is 

^ 647rG ^ ^ ^ 2/i' -3^" ^ 2^^ ^ / ' 

Using the equations of motion for different modes, we find 

n(i)wM2M3 ^ _^/IZ(2_l)v"$''i^^^% (78) 
D47rG /it 



tt(1)a'iA'2A'3 _ V /-Q I -'- ^Y70fl^A'lA'2P3 /-ynN 

- "64^^^+;iI^^ ' ^^^^ 



77(1)^1/^2^3 _ ^ 9 ( •r70fl,MlP2M3 I 2 / 2 -'^ \, "'^l(f>'3*'2M3 \ /on^ 

- ^(^-^*M +-(^ *M j- (80) 

As there are three time derivatives in the action, we need to use the Ostro- 
gradsky method to define the Hamihonian. Taking K^-^^^f^.^ = ^o'I'/JiAi2At3 ^ 
canonical variable, we find its conjugate momentum 

77(2)^11^2^3 _ V yy ^/JiYT (j,^Ai2Ai3 ('o1^ 
Using the equations of motion, we get 



, 00 

77(2)^1^2/^3 _ V yy ff.A'iA'2M3 /oo^i 

r(2)Aii/i2M3 _ V yy ^^1^2/^3 



77l^JA'lA»2Ai3 _ V»^_fl,AilM2A'3 /-QON 
n(^2)piM2P3 ^ _\^_ff^^mP2M3_ (84) 



The Hamiltonian is now 



H = j d2;^($^,^,,,3n(i)^i'^^^3 + k^,,^,,^,n^^'^'^'^^-^^^ - £2). (85) 
Therefore, the energies of different spin-3 fiuctuations are 

Em = ^(A^'"^)/'^'^^^/3°"^*Af'^WM2M3, (86) 



^ ^^ ^ \ f j3„ V 5 v70(7,PlP2M3, 



- -^(l-^)y^^-i^V^<^— <1>.,_3, (87) 

Here the integration along r direction is over [0, T], and we choose T = 27r/(2/i^+ 
1) for the massive mode and choose T = 27r/3 for the left-moving and right- 
moving modes. Substituted $ in the above equations by the real part of the 
solution in Eqs. (|66ll7ip . we can show that the above three integrals are negative 
for primary fieldsj^ Then fil > I gives Em < 0, while < 1 gives El < 0. So 
only at the critical point iil = 1, there are no modes with negative energy, and 
in this case, we have Em = E^ = 0. By using the commutation relation of the 
generators, we can show the same result applies for the descendants. Therefore 
at the chiral point the left and the massive modes have zero energy, suggesting 
that they are just pure gauge. 

^We use the same orientation as |37| . 
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6 Conclusions and discussions 



In this paper, we studied the spiii-3 topologicahy massive gravity theory, espe- 
ciahy at the chiral point iil = I. Inspired by the fact that first order formulation 
of TMG could be rewritten as a Chern-Simons gravity plus a term imposing the 
torsion free condition, we proposed an action describing the spin-3 field coupled 
to 3D TMG. Firstly we replaced the SL{2, R) gauge group with SL{3, R) group, 
and moreover imposed another torsion free condition on spin-3 field. Next we 
rewrote the CS action in terms of the framelike field, and obtained the action 
([T^ . Starting from the action, we worked out the equations of motion. We 
showed that the fluctuations of spin-2 and traceless spin-3 fields around the 
AdSa vacuum with vanishing spin-3 field could be described by third order dif- 
ferential equations. At generic value of jil, there exist a local massive degree 
of freedom for traceless spin-3 field, with conformal weight {^l + 2,iJ,l — 1). 
We found that at the chiral point this massive mode become degenerate with 
the left-moving massless mode. We computed the energies of the fluctuations 
and showed that both the massive mode and left-moving massless mode have 
zero energies at the chiral point, indicating that they are pure gauge. We also 
discussed the log modes of the fluctuation, which could be truncated out by 
imposing the generalized Brown- Henneaux boundary condition [141 115j . There- 
fore we obtained the same picture as the spin-2 fluctuations. In short, with 
the generalized Brown- Henneaux boundary conditions at the chiral point, there 
are only right-moving boundary degrees of freedom, suggesting the boundary 
theory is chiral. 

As the chiral gravity, the chiral spin-3 gravity could be described by a holo- 
morphic Chern-Simons gravity theory with the gauge group SL{3, R) and the 
level 2k. The action ([TB| at the chiral point fil — 1 reduces to a Chern-Simons 
term plus two terms relating to the torsions. If we take the vacuum to be 
AdSs with vanishing spin-3 fleld, the /3° and fS""^ are both vanishing. But they 
do play a key role in studying the fluctuations around the vacuum and induce 
higher derivative terms. Nevertheless, once the fluctuations become pure gauge 
at the chiral point, it is safe to ignore these two terms and the action is just a 
holomorphic Chern-Simons gravity, from which the asymptotic symmetry could 
be read straightforwardlv fTSl l48l l49]. It turns out to be a classical W3 algebra 
with central charge cr = M/G, with the generalized Brown- Henneaux boundary 
conditions. Namely the chiral spin-3 gravity could be described holographically 
by a two-dimensional chiral CFT with W3 algebra and central charge cr. 

There are many interesting questions to be investigated in the future. We 
just list some of them: 

1. In this paper, we focused the construction of the spin-3 field coupled to 
TMG. It would be interesting to generalize the construction to arbitrary 
spin N. In particular, it would be nice to discuss its large N limit. Alter- 
natively, we may start from the higher spin algebra directly and construct 
the action, similar to the study in |14) . 

2. We speculated that the chiral higher spin gravity is equivalent to a holo- 
morphic Chern-Simons theory, indicating that the partition function should 
be holomorphic. It would be nice to show this point explicitly; 

3. It has been pointed out that in TMG there could exist another set of con- 



13 



sistent boundary conditions, except the Brown-Henneaux boundary con- 
ditions, for the metric fluctuations. Imposing these boundary conditions 
may lead to another dual picture in terms of a logarithmic CFT 38 . This 
is because that in TMG, the fluctuations in general satisfy a third order 
differential equations of motion, which allows the existence of log mode. 
Similarly in our theory, the spin-3 fluctuations allow a log mode as well. It 
is quite possible that there may exist other consistent boundary conditions 
for the spin-3 field, which leads to another CFT dual description. 

4. It would be interesting to set up a large N duality for higher spin TMG, 
as the ones suggested for higher spin AdSa gravity pPl I21j . 

5. The BTZ black hole[in] is certainly the solution of the theory and its 
entropy in chiral gravity had been successfully produced from dual CFT. 
In our formulation, it would be nice to study the black hole solution with 
higher spin hair [T71[T5] . 

6. It should be possible to generalize the construction to the supersymmetric 
TMG theory; 

7. Most interestingly, from our point of view, our construction suggest that 
potentially the higher spin field theory could be defined in warped space- 
time, besides the usual AdS spacetime. Note that with vanishing spin-3 
field, the equations of motion from the action (IT9l) allow the solutions as 
the warped and null spacetimes and their related black holes [44l |45]. The 
spin-3 field could couple with these spacetime consistently via the action 
(jl9p . It is very interesting to study the spin-3 fiuctuations in these non- 
trivial backgrounds. Moreover, it would be valuable but very challenging 
to investigate the solutions with nontrivial higher spin hair. 

We wish we can come back to these issues in the future. 

Notes: In our analysis of spin-3 fluctuation, we focused on its traceless part. 
There is actually a trace part of spin-3 fluctuations, which has been studied in 
[50j . Such massive trace mode has zero energy and becomes pure gauge at the 
chiral point. Therefore our conclusions on chiral spin-3 gravity are unaffected. 
Acknowledgments 

The work was in part supported by NSFC Grant No. 10975005. BC would 
like to thank the organizer and participants of the advanced workshop "Dark 
Energy and Fundamental Theory" supported by the Special Fund for Theoreti- 
cal Physics from the National Natural Science Foundations of China with grant 
no.: 10947203 for stimulating discussions and comments. 

References 

[1] M. Fierz, W. Pauh, Proc. Roy Soc. Lond. A173, 211-232 (1939). 

[2] C. Aragone and S. Deser, Phys. Lett. B 86, 161 (1979). 

[3] M. A. Vasiliev, Yad. Fiz. 32 (1980) 855 [Sov. J. Nucl. Phys. 32 (1980) 439]. 

[4] M. A. Vasiliev, Fortsch. Phys. 35, 741 (1987) [Yad. Fiz. 45, 1784 (1987)]. 



14 



[5] X. Bekacrt, N. Boulanger and P. Sundell. larXiv: 1007.04351 [hep-th], 
[6] M. A. Vasiliev, Int. J. Mod. Phys. D 5, 763 (1996). 

[7] X. Bekaert, S. Cnockaert, C. lazeolla and M. A. Vasiliev, 



arXiv:hep-th/0503128[ 



[8] C. lazeolla. rarXiv:0807.0406l 

[9] D. Francia and A. Sagnotti, Class. Quant. Grav. 20, S473 (2003). 
[10] D. Sorokin, AIP Conf. Proc. 767, 172 (2005). 



[11] N. Bouatta, G. Compere and A. Sagnotti, arXiv:hep-tIi/0409068 



[12] M. P. Blencowe, Class. Quant. Grav. 6, 443 (1989). 

[13] E. Bergshoeff, M. P. Blencowe, K. S. Stelle, Commun. Math. Phys. 128, 
213 (1990). 

[14] M. Henneaux and S. J. Rey, JHEP 1012, 007 (2010). 

[15] A. Campoleoni, S. Fredenhagen, S. Pfenninger and S. Theisen, JHEP 1011, 
007 (2010). 

[16] J. D. Brown and M. Henneaux, Commun. Math. Phys. 104, 207 (1986). 

[17] M. Gutperle, P. Kraus, JHEP 1105, 022 (2011). 

[18] M. Ammon, M. Gutperle, P. Kraus and E. Perlmutter, 'arXiv:1106 .4788l 

[19] M. R. Gaberdiel, R. Gopakumar, A. Saha, JHEP 1102, 004 (2011). 

[20] M. R. Gaberdiel, R. Gopakumar, Phys. Rev. D83, 066007 (2011). 

[21] M. R. Gaberdiel, T. Hartman, JHEP 1105, 031 (2011). 

[22] M. R. Gaberdiel, R. Gopakumar, T. Hartman, S. Raiu. [arXiv:1106.18971 

[23] A. Castro, A. Lepage- Jutier and A. Maloney, JHEP 1101, 142 (2011). 



[24] C. Ahn, larXiv:1106.035l[ 

[25] C. M. Chang and X. Yin, larXiv:1106. 25801 

[26] I. R. Klebanov, A. M. Polyakov, Phys. Lett. B550, 213-219 (2002). 

[27] S. Giombi, X. Yin, JHEP 1009, 115 (2010). 

[28] S. Giombi, X. Yin, JHEP 1104, 086 (2011). 

[29] S. Giombi, X. Yin, arXiv:1105.40 TT 

[30] M. R. Douglas, L. Mazzucato and S. S. Razamat, Phys. Rev. D 83, 071701 
(2011). 

[31] A. Jevicki, K. Jin and Q. Ye. larXiv: 1106.39831 

[32] D. Polvakov. [arXiv:1106.155"8l 



15 



A. Achucarro, P. K. Townsend, Phys. Lett. B180, 89 (1986). 
E. Witten, Nucl. Phys. B311, 46 (1988). 

S. Deser, R. Jackiw, S. Templeton, Phys. Rev. Lett. 48, 975-978 (1982). 

S. Deser, R. Jackiw, S. Templeton, Annals Phys. 140, 372-411 (1982). 

W. Li, W. Song, A. Strominger, JHEP 0804, 082 (2008). 

A. Maloney, W. Song, A. Strominger, Phys. Rev. D81, 064007 (2010). 

R. C. Santamaria, J. D. Edelstein, A. Garbarz, G. E. Giribet, Phys. Rev. 
D83, 124032 (2011). [arXiv:1102.4649 [hep-th]]. 

S. Deser, X. Xiang, Phys. Lett. B263, 39-43 (1991). 

S. Carlip, Nucl. Phys. B362, 111-124 (1991). 

S. Carhp, S. Deser, A. Waldron, D. K. Wise, Class. Quant. Grav. 26, 
075008 (2009). 

S. Carlip, S. Deser, A. Waldron, D. K. Wise, Phys. Lett. B666, 272-276 
(2008). 

D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, |arXiv:0807!3040| . 
Bin Chen, Bo Ning, Phys. Rev. D 82, 124027 (2010). 

M. Banados, C. Teitelboim, J. ZanelU, Phys. Rev. Lett. 69, 1849-1851 
(1992). 

D. Grumiller and N. Johansson, JHEP 0807, 134 (2008). 

M. Banados, T. Brotz and M. E. Ortiz, Nucl. Phys. B 545, 340 (1999). 

M. Banados, arXivdiep-th/9901148, 

A. Bagchi, S. Lai, A. Saha and B. Sahoo, [arX"iv:1107.0915l 



16 



